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"NON-STRICT" L'HOSPITAL-TYPE RULES FOR 
MONOTONICITY: INTERVALS OF CONSTANCY 

lOSIF PINELIS 



Let / and g he differ entiable functions defined on tlie interval {a,b), wliere 
-oo ^ a < b < oo, and let 



r := 



— and 
9 



f 



It is assumed throughout that g and g' do not take on the zero value anywhere on 
(a, b). The function p may be referred to as a derivative ratio for the "original" ratio 
r. In [TT|, general "rules" for monotonicity patterns, resembling the usual I'Hospital 
rules for limits, were given. In particular, according to ^11^ Proposition 1.9 and 
Remark 1.14], one has the dependence of the monotonicity pattern of r (on (a, &)) 
on that of p (and also on the sign of gg') as given by Table[TJ The vertical double line 
in the table separates the conditions (on the left) from the corresponding conclusions 
(on the right). 
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Table 1. "Non-strict" general rules for monotonicity. 



Here, for instance, means that there is some c G [a, 6] such that r\ (that 

is, r is non-increasing) on (a, c) and r^^ (r is non-decreasing) on (c, 6); in particular, 
if c = a then r\_r^ simply means that r^^ on the entire interval (a, 6); and if c = 6 
then means that r\ on {a,b). Thus, if one also knows whether r^^ or rS in 

a right neighborhood of a and in a left neighborhood of b, then Table [1] uniquely 
determines the "non-strict" monotonicity pattern of r. (The "strict" counterparts of 
these rules, with terms "increasing" and "decreasing" in place of "non-decreasing" 
and "non-increasing" respectively, also hold, according to the same Proposition 1.9 
of [II].) 

Clearly, the stated I'Hospital-type rules for monotonicity patterns are helpful 
wherever the I'Hospital rules for limits are so, and even beyond that, because these 
monotonicity rules do not require that both / and g (or either of them) tend to or 
oo at any point. (Special rules for monotonicity, which do require that both / and 
g vanish at an endpoint of {a,b), were given, in different forms and with different 
proofs, in [ZllSllllinillZ!.) 

1 



L'HOSPITAL RULES FOR MONOTONICITY 



2 



Thus, it should not be surprising that a wide variety of apphcations of the 
I'Hospital-type rules for monotonicity patterns were given: in areas of analytic in- 
equalities [SI [ini [m [H] , approximation theory [12] , differential geometry [Bl [71 [HI [16] , 
information theory [ini[Il], (quasi)conformal mappings [H [2 [31 [4] , probability and 
statistics [9lllll[lllll3l[l8l[lll|20l[2l], etc. 

These rules for monotonicity could be helpful when /' or g' can be expressed 
simpler than or similarly to / or respectively. Such functions / and g are es- 
sentially the same as the functions that could be taken to play the role of u in the 
integration- by-parts formula J udv = uv — J v du; this class of functions includes 
algebraic, exponential, trigonometric, logarithmic, inverse trigonometric and inverse 
hyperbolic functions, and as well as non-elementary "anti-derivative" functions of 
the form x i— > c + h{u) du or x ^ c + h{u) du. 

"Discrete" analogues, for / and g defined on Z, of the I'Hospital-type rules for 
monotonicity are available as well [15j. 

In this paper, we describe different facets of the relation of the (maximal) inter- 
val(s) of constancy of the original ratio r with those of the derivative ratio p. 

^ In what follows, let us always assume that p is (not necessarily strictly) mono- 
tonic (that is, or S) on (a, 6). 

Let us say that an interval I C (a, b) is an interval of constancy (i.e.) of a function 
h: {a,b) — > M if / is of nonzero length and h is constant on /. If an i.e. / is not 
contained in any other i.e., let us say that / is a maximal i.e. (m.i.e.) It is easy 
to see that any i.e. is contained in a unique m.i.c. (which is simply the union of all 
i.c.'s containing the given i.e.). 

It is easy to see that every i.e. of r is an i.e. of p. One might think that, if p has 
more than one m.i.c, then this can also be the case for the original ratio r. It may 
therefore be surprising that the opposite is true, and even in the following strong 
sense. 

Proposition 1. The rules given by Table\^ ean be strengthened as shown in Table\M 
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Table 2. Improved "non-strict" general rules for monotonicity. 



Here, for instance, ryj means that there is a subinterval [c,d] C [a,b] (possibly of 
length 0) such that r' < on (a, c), r is constant on {c,d), and r' > on {d,b). 

Why is this proposition true? The key notion here is that of the function 

- ,9' 

introduced in [TT] and further studied in [T7]. The key lemma concerning p [T71 
Lemma 1 and Remark 4] states, as presented in Table [3] here, that the monotonicity 
pattern of p is the same as that of p if gg' > 0, and opposite to the pattern of p if 
99' < 0. 
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Table 3. The monotonicity patterns of p and p mirror each other 

From this relation between p and p, the rules given by Table [1] can be easily 
deduced, since 

sign(r') = sign p. 

A simple but important observation is that the derivative ratio p and its counter- 
part p are continuous functions [Ul Remark 4]. Since the ratio r is differentiable, 
it is continuous as well. Therefore, any m.i.c. / of r or p or p is closed (as a set) in 
(a, 6); that is, / has the form [c,d] or (a,c] or [d,b) or (a, 6), for some c and d such 
that a < c < d < b. Moreover, it is seen from Table [3] that the m.i.c. 's of p are the 
same as those of p, because any real function h is constant on an interval I if and 
only if h is both non-decreasing and non-increasing on /. 

Proposition [1] now follows easily. Indeed, it suffices to consider only the first line 
of Table [2] (since the other three lines can then be obtained by "vertical" reflection 
/ <-> — / and/or "horizontal" reflection x ^ — x). So, assume that pr^ on {a,b) and 
gg' > 0. Then pr' on {a,b). If p > and hence r' > on the entire interval {a,b), 
let c := d := a, to obtain the conclusion that rW on {a,b). If p < and hence 
r' < on {a,b), let c := d := b. It remains to consider the case when the sign 
of p takes on at least two difi^erent values (of the set {—1,0,1} of all sign values). 
Then, since the function p is non-decreasing and continuous on (o, b), the level-0 set 
ioip) '■= {u € {cL,b): p{u) = 0} of p must be a non-empty interval (which in fact 
must be an m.i.c. of p and hence a set closed in (a, 6)) ; in this case, take c and d 
to be the left and right endpoints, respectively, of the interval lo{p) (at that, it is 
possible that c = a and/or d = b). Then p < and hence r' < on (a, c); p = and 
hence r' = and r = const on (c, d); and p > and hence r' > on (d, b). 

By Proposition [H r can have no more than one m.i.c. On the other hand, one 
has 

Proposition 2. If r has an m.i.c. I, then I must be an m.i.c. of p and p as well. 

Indeed, suppose that / is the (necessarily unique) m.i.c. of r, so that ^ = r = K 
on / for some constant K. Then obviously p = K and p = on /, so that / is 
an i.e. of p and p. Let then J be the unique m.i.c. of p such that J ^ I, whence 

J"/ ^ 

Y ~ P ~ ^ some constant Ki, and so, / = Kig + C and r = Ki + ^ on 

J, and hence on /, for some constant C . But r is constant on the nonzero-length 
interval /, while g is not constant on / (because g'{x) ^ for any x € (a,^)). It 
follows that C = and thus r = Ki on J. Finally, since / is an m.i.c. of r and 
J ^ I, one concludes that J = I, and so, / is an m.i.c. of p and hence of p. 

We complete the description of the relation between the m.i.c. 's of r and p by 
observing that any one m.i.c. / of a given derivative ratio p is the m.i.c. of an 
appropriately constructed original ratio r (which must, in view of Proposition [H 
depend on the choice of /): 
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Proposition 3. For 

• any differentiable function g: (a, 6) ^ M such that gg'{x) ^ for each x G (a, b), 

• any (not necessarily strictly) monotonic continuous function p: {a,b) -^M, and 

• any m.i.c. I of p 

f 

there exists a differentiable function f: (a,b) ^ M such that — = p and the only 

9 

m.i.c. of r := — is 1. 

9 

Indeed, let g, p, and / satisfy the conditions listed in Proposition [3l so that p = K 
on / for some constant K. Note that the condition on g implies that either g' > 
on the entire interval (a, 6) or g' < on {a,b) (see e.g. [17, Remark 3]), so that g 
is monotonic and hence of locally bounded variation on (a, b). Take any point z in 
the interval / (which is an i.e. and hence non-empty) and define / by the formula 

fix) ■.= Kg{z)+ r p{u)dg{u) 

J z 

for all x in {a,b), where the integral may be understood in the Riemann-Stieltjes 
sense, with the convention that := — if x < z. Because p is continuous and g is 
differentiable, it follows that for the so defined function / one has y = p; moreover, 
/ = Kg on /, so that / is an i.e. of r. But any i.e. of r is also an i.e. of p, and / 
was assumed to be an m.i.c. of p. It follows that / is an m.i.c. (and hence the only 
m.i.c.) of r. 

Let us summarize our findings: (i) the set of all m.i.c. 's of p is the same as that 
of p; (ii) r can have at most one m.i.c, and its m.i.c. must also be an m.i.c. of p and 
thus of p; moreover, then the m.i.c. of r is the level-0 set of p; (iii) any one m.i.c. 
of a given derivative ratio p is the m.i.c. of an appropriately constructed original 
ratio r. 
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